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ABSTRACT/ KEYWORDS 
 
Classical and quantum descriptions of spectrum ana-
lyzer (SA) operation were suggested and the link be-
tween them was established for diffracting (grating) SA. 
It was shown that this SA transforms time statistics of 
photons into statistics of their space distribution at SA 
output plane. The link between quantum object, i.e. the 
signal of optical frequency standard, and SA interacting 
with it, was established. This is a contribution to the 
solution of global problem of quantum and classical 
physics joining for spectral measurements theory.  
 
Spectrum, analyzer, classical, quantum, link. 
 

INTRODUCTION 
 

Theory of spectral measurements is a classical field of 
physics and technology, whereas principal problem of 
spectroscopy is the obtaining of function of photons 
distribution over frequency. Therefore a link between 
quantum nature of electromagnetic signals and SA op-
eration has fundamental importance for spectroscopy.  
In the paper [Ref.1] two aspects of this link were formu-
lated and the results of researches about the establish-
ment of link between quantum and classical description 
of electromagnetic signals of frequency standards are 
presented in the context of signal theory. 
In this paper the principles of quantum theory of spec-
tral measurements are developed, where a link between 
classical and quantum approaches is established. The 
basis of researches is classical input-output relation of 
SA for power spectral characteristics and physical sig-
nal theory principles [Ref.1], based on quantum repre-
sentations. This link is established by strict calculations 
in the context of solution of basic problem of linear sys-
tem (LS) and the introduction of complex apparatus 
spectrums in optical spectrometry.  
The establishing of link between classical and quantum 
description of SA operation lies in the context of certain 
problems of quantum theory measurements. This is a 
fundamental problem of quantum and classical physics 
joining, the development of a measuring apparatus uni-
fied approach to quantum object and a interacting with 
it [Ref2]. This problem is not yet solved [Ref2], and this 
paper is devoted to its solving in the context of spectral 
measurements of electromagnetic signals of frequency 
standards.  

 

CLASSICAL INPUT-OUTPUT RELATION OF 
LINEAR SYSTEM 

For the measurements of complex spectrums SA is con-
sidered as LS. Generally, with the macro-description of 
LS, signal transformation is described by linear limited 

(continuous) operator �
�

 in ��  space : 

ℜ∈ξ∈ξ∈ξ→ ��������� ������
�

     (1) 

where �� �  are linear functional spaces of inputs and 
outputs, respectively.  
Basic characteristic of LS is its response to the input in 
the form �� ξ′−ξδ . This response 

������ ξ′−ξδ=ξ′ξ
�

� , i.e. the action of operator �
�

 

to −δ function, is defined as  

�����	
�����	
���
�

ξ′ξ==ξ′ξδ=ξ′−ξδ
∞→∞→ �

�
� �

��

(2) 

where ��⋅δ�  is differentiable sequence of functions, 

convergent in the sense of distributions [Ref.3]:  

������

������������	


���

���
�

∈ξξ=

=ξ′ξ′−ξδ=ξ′ξ′ξδ
∞→  (3) 

where �  is a certain space of basic functions.  
In general case ��⋅�  is distribution and is considered as 

the limit of sequence of linear functionals  

��������	
������ ξ′ξ′ξ=ξ′ξ′ξ
∞→

���� �
�

 (4) 

Function ��⋅δ  is representable by the series [Ref.3] 

∑
∞

=

ξ′ψξψ=ξ′−ξδ



�������
	

		         (5) 

where �� 	ψ  is an orthonormal system of eigenfunc-

tions of certain selfadjoint differential operator [Ref.3].  
The series (5) converges in distribution space [Ref.3] 

and allows to choose ��⋅δ�  in the form  

∑
=

ξ′ψξψα=ξ′ξδ
�

	

	��




��������        (6) 

where ��� ∞→→α ��  

The series of basic function ��� �� ∈⋅  have the forms  

����������




∑∑
=

∞

=

ξψ=ξξψ=ξ
�

	

		�

	

		 
�
�    (7) 

and ��⋅� converges in the space of basic functions.  

The substitution of sum (6) in the functional of the right  

O. D. Moskaletz QUANTUM AND CLASSICAL DESCRIPTION OF SPECTRAL MEASUREMENTS OF

SIGNALS OF FREQUENCY STANDARDS



EFTF’02 16th European Frequency and Time Forum

D-078

side of Eq (4) at finite �  gives  

=ξξ′ψξψα=δ ∑
=

�

�

��� ��
�

����������
��

        

��������� �

�

ξ′ξ′ψξψα= ∑
=

��

�

�

�

�

     (8) 

Because in Eq.(8) the operator �
�

 acts over variable ξ , 

and functional acts over variable ξ′ , that  

∑
=

=ξ′ξ′ψξψα=δ
�

�

���� ��
�

����������
��

 

�������
�

∑
=

ξα=ξψα=
�

�

����� ��
��

 (9) 

Since �
�

 is a linear limited operator in �� , then [Ref.4] 

���						�		

		���				��		

∞→→−⋅≤
≤−=−

���

����

�

��

���

     (10) 

Taking the limit in Eq (9) on the base of Eq (10) at 
∞→�  gives important relation  

���������� ξ=ξ′ξ′−ξδ ��
��

   (11) 

which states that linear limited operator commutates 
with convolution, if one of its cofactors is −δ function.  
Functional  

����������� ξ′ξ′ξ=ξ=ξ ����
�

      (12) 

expresses in the very general case the input-output rela-
tion for LS. If LS is such that functional (12) is regular, 
then it can be written as a linear integral operator 

��������
�




ξ′ξ′ξ′ξ=ξ ∫
ξ

ξ

����       (13) 

which plays a leading part in LS theory.  
 

COMPLEX SPECTYRUMS MEASUREMENTS 
 

For the measurements of complex harmonic spectrums 
Eq. (1) is written in the form  

�����������
� ��� 		 ∈ω∈ω→
�

     (14) 

where ���� are linear spaces of input (mathematical) 

and apparatus spectrums, respectively; ω is a temporal 

spectral frequency; ����� 
�	
�

=ω , �
�

is the operator 

of Fourier transformation; ��
�  is an analyzed oscilla-

tion as a function of time 
 .  
According to (14), Eq. (13) is written as  

∫
ω

ω

ω′ω′ω′ω=ω
�




�������� �	�	�        (15) 

where ��⋅�  is complex spectrum spread function 

(SSF), i.e. SA response to the function �� ω′−ωδ . 

Because �������� 
�ω′=ω′−ωδ
�

, then complex 

SSF is the result of action of ������� 
�
� ω′=  to SA. 

As real information system, SA can operate with limited 
information volume. This means that at spectral meas-
urements any supported oscillation ��
�  must has 

bounded degrees of freedom πω∆= �
� , where 

ω∆�  is analyzed bandwidth, 
 is analysis duration. 
Basic metrological characteristics ω∆�  and 
 of SA 
are established by truncation operations. 

The first of them is the operation �
�

 of spectrum 
truncation  

∫
ω∆+ω

ω∆−ω

ωωω
π

=
�

�

��������
�



��� �	
�
�

�

     (16) 

where �ω is center of analyzed bandwidth. 

The second operation is the operation �
�

 of time func-

tion ��� 
�
�

 truncation: 

���������� 
�

�
���

χ=   (17) 

where  

�
���������

��������

��





−∉
−∈

=χ










    (18) 

The third operation is the operation �
�

 of measurement 

of complex spectrum ��ω�	   

∫
ω

ω

=ω′χω′ω=
�




�������������� � �
�
�
�
�����

  

∫
ω∆+ω

ω∆−ω

ω′ω′ω′ω=ω=
�

�

�������� �	�	�  (19) 

where −⋅���� is complex SSF of real SA, fulfilling 

the operation �
�

;  

∫
ω

ω

⋅ω′′ω=ω′ω
�




������ ���  

����������� ω′′ω′′−ω′⋅ �
  (20) 

where ������⋅ is complex SSF of “real SA in perfect 

performance”, which fulfills truncated Fourier transfor-

mation ����� 
�
���

. 

Eq. (19) describes simple measurement of complex 
spectrum, when the onset of time reference �=
 . In 
real condition, the dynamics of SA interaction with ana-
lyzed oscillation ��
�  is such that apparatus spectrums 

vary over time. These spectrums are introduced with the 

help of translation operation �
�

  

������ 

�
� ±′=′
�

          (21) 

acting either on the function ��
�  or ��
χ  in Eq. (19).  

Denumerable set �� �
  defines sampling spectrums 

��� �
	 ω , if set ��
  is continuum, then instantaneous 

complex spectrums (ICS) ��� 
	 ω  are measured. 
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The spectral measurements of microwave frequency 
standards signals are realized by radiospectrometers, 
which measure sampling spectrums of oscillating proc-

esses. In this case the operator �
�

 acts on function 
���χ . 

Furthermore, ICS measurements are considered at the 

action of operator �
�

 on function ���� , i.e. on condition 

that oscillation ����  is extended by the window ���χ . 

In this case SA operation is described as  

∫
ω∆+ω

ω∆−ω

⋅ω′−ω′ω=ω
�

�

����������� ������    

��� ω′ω′⋅ ��   (22) 

In Eq. (22) kernel, i.e. complex SSF, in the form 
�������� ��� ω′−ω′ω  is necessary and sufficient con-

dition of ICS measurement.. This measurement is de-

scribed by the operator 	�
��

������

= , where 

�		�
����

= . 
 

POWER SPECTRUM ESTIMATION 
 

The estimation of power spectrum ��ω�  includes the 

operation �
�

 of function �
����� ��� ω  calculation and 

the operation �
�

 of its time averaging over time 	
 , i.e.  

������������� �∫
−

ωω=ω=ω
	

	







��� ��������
��

 (23) 

Thus, the estimation of energy distribution over fre-
quency on the base of ICS measurement is described by 
the following nodal operations: 

���
����	�
������ �����
����������

==ω     (24) 

The substitution of ��� ��� ω  in the form (22) in Eq. 

(23), transfer to dimensionless variables and integration 
by time give [Ref.6]  

∫ ∫
− −

⋅η ′′ηη′ηη′=η
�

�

�

�

� �������� �����  

�������������
� η ′′η ′′−η′η ′′η′⋅ ��

  (25) 

where ������ = , ��⋅
  is the spectrum of complex 

envelope of signal ���� ; �>>ω∆= 	
� .  

Function ���� ⋅⋅ 
�  can be represented by series over 

the system of prolate spheroidal wave functions [Ref.5] 

∑
=

η′ψη=η′η′η
�

�

���
�
�

����������      (26) 

The substitution of sum (26) in Eq. (25) and the applica-
tion of methods of theory of these functions give  

=η′η ′′−η′η′η′η∫
−

��
�

�

�

�������������  

=η′η ′′−η′η′ψη= ∑ ∫
= −

�

�

�� ���
�

�

�

������������  

∑
=

η ′′η ′′η≈λη ′′ψη=
�

�

��� 
��
�

����������  (27) 

where �≈λ � , if �>>� . 

The result (27) allows to write Eq. (25) as [Ref.6] 

∫
−

η′η′⋅η′η=η
�

�

�� ������������ �
���  (28) 

where return to natural variables gives familiar in opti-
cal spectrometry linear integral operator, which estab-
lishes the SA input-output relation for energy distribu-
tion over frequency 

∫
ω

ω

ω′ω′ω′ω=ω
�

�

�������� ��	�� 	        (29) 

where ������	 = ; �
������ ⋅=⋅ �	  is power SSF; 

������ ⋅=⋅ ��  is power spectrum of oscillation ���� , 

������� 		 

� −∈ . 

 
SPECTRAL MEASUREMENTS BY 

DIFFRACTING SPECTRUM ANAYZERS 
 

Optical frequency standards signals are wave processes, 
generated by source oscillations, their relation to the 
uniform plane wave, falling on SA, is given by the op-

erator �
�

: 

������ � ������
�

=−             (30) 

where operator �
�

differs from operator �
�

 only by 
dimension scale. 
Diffracting SA includes the following idealized basic 
units: 
1. Grating, having transparency function  

�������� ���� �Ω=   (31) 

where �Ω  is spatial frequency; � is one of Cartesian 

coordinates, in which SA is considered.  
2. Optical Fourier-processor, including two layers of 
free space and lens with focal length �  between them, 

where kernel fulfilling Fourier transformation is  

����������� �

��
�������	 ��

′ω−=ω′      (32) 

where �

�ω  is circular frequency of monochromatic opti-

cal radiation; �′ is Cartesian coordinate at SA output 

plane; �� is light velocity;  

3. Square photodetector with time integrator. 
If uniform plane monochromatic light wave falls on SA  
input, then light field on its output plane is described as  
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⋅ω=ω′ ��������� �� ������ ���

�������

�	

�	

�∫
−

ω′⋅
�

�

�

�

� 	���
��    (33) 

where �
���� � = ; ��  is aperture dimension of SA. 

The substitution of (31) and (32) in Eq. (33) gives 

⋅ω=ω′ ����������
��
������ ���  


��	��	
������ �

�

� ������� ���
′ω−′Ω⋅ (34) 

The comparison of Eqs. (34) and (22) shows that the 
function ��⋅�  is complex SSF of SA, fulfilling ICS 

measurement of oscillation ���� , which generates uni-

form plane wave [Ref.6]. Really, volume 

��	� �����
′ω=′Ω  is temporal spectral frequency, 

and volume ��	 � �������
′=′  is analysis time dura-

tion [Ref.6], that follows from comparison of function 
�
����⋅  in Eq. (34) with SSF of “actual SA in perfect 

performance”, noted in Eq. (20). 
Then light oscillations at output plane of diffracting SA 
are detected by squaring photodetector and are inte-
grated over time. These operations result is the estima-
tion (29) of power spectrum of source oscillations ���� .  

Thus, power spectrum estimation by diffracting SA is 
described by the following product of operators 

�����������������
�����������

==ω ���    (35) 

where �
�

 is the operator of multiplication by the func-

tion ���� ; �
�

is the aperture truncation operator; op-

erators product ������
������

=  describes ICS meas-
urement.  
Function ����  is a classical object of processing (35), 

their result is mapping of time variations, i.e. sources 
oscillations, into space characteristics of distribution 
over frequencies (35). This processing can be applied 
formally to function, which describes time statistics 
photons, composing analyzed signals. That function 

���Φ  is introduced by the following reasoning. 

At the conditions of classical description of electromag-
netic field [Refs1, 7] the expression of classical instan-
taneous power almost certainty describes in time the 
distribution of instants of photons birth, i.e. its time sta-
tistics or birth statistics [Ref.7]. Therefore, that similar 
and proportional to function ����  is function  

��
�������� ���� ⋅=Φ  (36) 

where ����
�
���� =  is classical instantaneous power; 

�
�����  is the function, describing the orientation of 

photons spins at quantum description of electromagnetic 
signal [Refs 1, 7]. 

It follows from Eq. (36) that sense of function ��� �Φ  

completely corresponds to probability sense, which is 
assigned to the squared modulus of electromagnetic 

field oscillations in quantum physics. The transforma-
tion of function ���Φ  by the law (35) gives the statis-

tics of space distribution of photons (with account for 
spins distribution) at the output plane of diffracting SA. 
This statistics corresponds to the time statistics of pho-
tons at diffracting SA input. In the end the transforma-
tion of these statistics is given by operator product (35), 
where all operators have mathematical sense only. 
The transformation of function (36) by the law (35) 
shows that the operation of diffracting SA can be inter-
preted as the transformation of time statistics of pho-
tons, composing analyzed signal, into the statistics of 
their space distribution at the output plane of this SA.  
 

CONCLUSION 
 
In this paper the following problems are solved: 
1. Through strict mathematical calculations the problem 
of LS input-output relation was solved, when LS is con-
sidered as a “black box”. This solution is more general 
than the solution of the problem of representation of 
linear operator in integral form, because linear integral 
operator is the special case of linear functional, obtained 
here. Relations, describing the measurements of com-
plex and power spectrums, were obtained on this basis. 
In this connection ICS, unknown in the theory of optical 
spectral measurements, were established. 
2. The link between classical and quantum descriptions 
of diffracting SA operation was established. It was 
shown that diffracting SA transforms time statistics of 
photons into statistics of their space distribution at the 
output plane. This poses the question about the interpre-
tation of Davisson and Garmer experiment without re-
sort to De Broglie waves. The case in point is interpreta-
tion of this experiment as a transformation of time sta-
tistics of electrons into statistics of their space distribu-
tion.  
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